


2.7 Implicit Differentiation

Lecturer:  Xue Deng



Problem Introduction

we cannot solve for y in terms of x,

In  theory,                  satisfying       

Def:

( )y y x

a function, the corresponding function( , ) 0F x y 

satisfying                        is called implicit function.

sin 0,yy xe Let

( , ( )) 0F x y x 

How to find the derivation of  

( )y y x ( )sin ( ) 0,y xy x xe 
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Implicit Differentiation

Derivation Rule of Implicit Function

Method: Derivation about x on both sides of the equation. 

The function of y is a composite function of x.

Use the composite chain rule for y.

Tips: the variable y is a function of x.
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Find the equation of the tangent line to the curve 
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at the point 

The tangent line: 



Example 4

Find  𝑑𝑦 𝑑𝑥 if 4𝑥2𝑦 − 3𝑦 = 𝑥3 − 1.

We can solve the given equation explicitly for 𝑦 as follows:

𝑦 4𝑥2 − 3 = 𝑥3 − 1 𝑦 =
𝑥3 − 1

4𝑥2 − 3

Thus,
𝑑𝑦

𝑑𝑥
=

4𝑥2 − 3 3𝑥2 − 𝑥3 − 1 8𝑥

4𝑥2 − 3 2

=
4𝑥4 − 9𝑥2 + 8𝑥

4𝑥2 − 3 2

Method 1



Example 4

Find  𝑑𝑦 𝑑𝑥 if 4𝑥2𝑦 − 3𝑦 = 𝑥3 − 1.

Implicit Differentiation  We equate the derivatives of the two sides.

𝑑

𝑑𝑥
4𝑥2𝑦 − 3𝑦 =

𝑑

𝑑𝑥
𝑥3 − 1

We obtain, after using the Product Rule on the first term,

4𝑥2 ∙
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+ 𝑦 ∙ 8𝑥 − 3
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= 3𝑥2
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𝑑𝑥
4𝑥2 − 3 = 3𝑥2 − 8𝑥𝑦

Method 2

𝑑𝑦

𝑑𝑥
=
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Example 4

Find  𝑑𝑦 𝑑𝑥 if 4𝑥2𝑦 − 3𝑦 = 𝑥3 − 1.

Method 2

𝑑𝑦

𝑑𝑥
=

3𝑥2 − 8𝑥𝑦

4𝑥2 − 3

=
4𝑥4 − 9𝑥2 + 8𝑥

4𝑥2 − 3 2

Method 1

=
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𝑥3 − 1
4𝑥2 − 3

4𝑥2 − 3

=
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=

3𝑥2 − 8𝑥𝑦

4𝑥2 − 3

𝑑𝑦

𝑑𝑥
=

4𝑥4 − 9𝑥2 + 8𝑥

4𝑥2 − 3 2



Summary of Implicit Differentiation

Derivation Rule of Implicit Function

Method: Derivation about x on both sides of the equation. 

The function of y is a composite function of x.

Use the composite chain rule for y.



Questions and Answers

Find the equation of the tangent line to the curve  
3 2 cos 2y xy xy   at the point (0, 1).

We differentiate both sides , so we have, 
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Questions and Answers

4 4 1,x xy y    find the value of 𝑦″ at the point (0,1
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Again derivation about x , so we have 
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Questions and Answers

4 4 1,x xy y    find the value of 𝑦″ at the point (0,1
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Questions and Answers

00, ,x y

xxy e e y y 
                        Find    the   implicit    equation   of and   find  

derivation about x , so we have, 

0x yxy e e  

( )xxy  ( )x

xe  ( )y

xe  (0)

y xy
xe ye y 0

x

y

e y
y

e x


 




1.

Let                    replace y in the following equation,

then,
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Implicit Differentiation
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